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Abstract

Several deeper results on maximal monotone operators have recently found simpler proofs using
Fitzpatrick functions. In this paper, we study a sequence of Fitzpatrick functions associated
with a monotone operator. The first term of this sequence coincides with the original Fitzpatrick
function, and the other terms turn out to be useful for the identification and characterization of
cyclic monotonicity properties. It is shown that for any maximal cyclically monotone operator,
the pointwise supremum of the sequence of Fitzpatrick functions is closely related to Rockafellar’s
antiderivative. Several examples are explicitly computed for the purpose of illustration. In
contrast to Rockafellar’s result, a maximal 3-cyclically monotone operator need not be maximal
monotone. A simplified proof of Asplund’s observation that the rotation in the Euclidean plane
by 7 /n is n-cyclically monotone but not (n+1)-cyclically monotone is provided. The Fitzpatrick
family of the subdifferential operator of a sublinear and of an indicator function is studied in
detail. We conclude with a new proof of Moreau’s result concerning the convexity of the set of
proximal mappings.
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1 Introduction

Throughout this paper, we assume that
X is a real Banach space, (1)

with norm || - ||, with continuous dual space X*, and with the pairing p = (-,-) between X and X*.
Our aim is to provide new results on monotone operators and their associated Fitzpatrick func-
tions. We denote the graph of a set-valued operator A: X — 25" by grad = {(z,2*) € X x X* |
x* € Am} and recall the following notions.

Definition 1.1 Let A: X — 2X". Then A is n-cyclically monotone if n € {2,3,...} and

(a1,a7) € gra A
. n
(an.at) ¢ arad > {aiv1 — ai,af) <0. (2)
ny Un =1
an4+1 = a1

The operator A is monotone if it is 2-cyclically monotone; equivalently, if

(x,z*) € graA

bl B EE E) ®)

The operator A is cyclically monotone if for every n € {2,3,...}, A is n-cyclically monotone.

Definition 1.2 Let A: X — 2X" and let n € {2,3,...}. Then A is maximal n-cyclically monotone
if A is monotone and no proper extension of A is n-cyclically monotone; A is maximal cyclically
monotone if A is cyclically monotone and no proper extension of A is cyclically monotone; A is
maximal monotone if A is maximal 2-cyclically monotone.

Zorn’s Lemma guarantees that every n-cyclically monotone operator admits an extension, in the
sense of enlargement of the graph, to a maximal n-cyclically monotone extension. An analogous
result holds for cyclically monotone operators. Monotone operators play a fundamental role in
optimization; the reader is referred to [14, 42, 43, 48] for further information. Linear maximal n-
cyclically monotone operators are discussed in [1]. One of the most remarkable results in monotone
operator theory is due to Rockafellar [38] who proved that the maximally cyclically monotone oper-
ators are precisely the subdifferential operators of functions that are convex, lower semicontinuous,
and proper. Hence every maximally cyclically monotone operator admits an antiderivative, which
is unique up to an additive constant, see Fact 3.2 below. Other fundamental results concern char-
acterizations of maximal monotonicity and the maximality of the sum of two maximal monotone
operators under a constraint qualification. Through the use of the Fitzpatrick function [21], such
results have recently found dramatically simpler proofs; see, e.g., [9] and [45]. Fitzpatrick functions
play also a key role in various works on monotone operators [12, 16, 17, 18, 28, 29, 34, 44]. Let us
now state the definition of a Fitzpatrick function.



Definition 1.3 Let A: X — 2% . The Fitzpatrick function of A is

Fp: X x X* — ]—00,+00] : (z,2") —  sup  ((z,a*) + (a,2%) — (a,a")). 4)
(a,a*)egra A

Fitzpatrick [21] established the following fundamental properties.

Fact 1.4 Let A: X — 2X7 be mazimal monotone. Then F4 is convex, lower semicontinuous,
proper, p < Fa, and p = F4 on gra A. Moreover, Fy is the smallest function with these properties.

In this paper, we provide several novel results concerning Fitzpatrick functions and monotone
operators. These results can be roughly classified into five categories, which also correspond to the
contents of the remaining five sections.

O In Section 2, we introduce an increasing sequence of Fitzpatrick functions of order n, where
n € {2,3,...}. The first term of this sequence coincides with the original Fitzpatrick func-
tions, which is a powerful tool in the study of maximal monotone operators. Analogously, we
show that the Fitzpatrick functions of order n captures precisely (maximal) n-cyclic mono-
tonicity properties. We also provide an example of a maximal 3-cyclically monotone operator
that is not maximal monotone (Example 2.16). This is in striking contrast to Rockafellar’s
characterization of maximal cyclically monotone operators.

0 The important case of subdifferential operators is considered in greater detail in Section 3.
We show how the Fitzpatrick functions and Rockafellar’s antiderivative arise from a common
ancestor and prove, using deeper results on subgradients, that the sequence of Fitzpatrick
functions converges to a function that has a close relationship to Rockafellar’s antiderivative
(Theorem 3.5).

0 Section 4 contains several examples of maximal monotone operators where the Fitzpatrick
functions of all orders are computed in closed form. It is possible that outside the graph all
Fitzpatrick functions are either identical (Example 4.2) or pairwise distinct (Example 4.4).
We also provide a simple, more self-contained proof of Asplund’s result [1] that rotations in
the Euclidean plane by 7/n are n-cyclically monotone but not (n + 1)-cyclically monotone
(Example 4.6).

0 The Fitzpatrick family of a given maximal monotone operator A: X — 2X" consists of
all convex, lower semicontinuous, and proper functions that are greater than or equal to p
everywhere and equal to p on the graph of A. By Fact 1.4, this family contains F4. In
Section 5, we extend results of Penot [34] and of Burachik and Fitzpatrick [16] by showing
that the Fitzpatrick family is a singleton when A is the subdifferential operator of either a
sublinear function (Theorem 5.3) or of an indicator function (Corollary 5.9).

O The last Section 6 deals with convexity properties of the set of proximal mappings (resol-
vents of subdifferential operators). Moreau showed that in Hilbert space the set of proximal
mappings is convex [33]. We provide a different proof of this result (Theorem 6.7) and also
an example illustrating the nonconvexity of the set of firmly nonexpansive mappings outside
Hilbert space (Example 6.4 and Remark 6.5).



Notation utilized is standard in Convex Analysis and Monotone Operator Theory; see, e.g., [12],
[43], and [48].

2 Fitzpatrick functions and cyclic monotonicity

Let us introduce the following functions which may be interpreted as common ancestors of the
Fitzpatrick function and Rockafellar’s antiderivative.

Definition 2.1 Let A: X — 2% let (a1,a}) € gra A, and let n € {2,3,...}. Ifn = 2, we
set Cap(arar): X X X* — ]—00,+00]: (z,2%) — (z,a]) + (a1,2%) — (a1, aj). Now suppose that
n € {3,4,...}. Then the value of the function Ca p (ay.a1): XX X* — ]—00,+0o0] at (z,2%) € X x X~
1s defined by

n—2
sup <Z<ai+1 - auaﬂ) + (& = an—1,a5,_1) + (a1, z%); (5)

(a2,a3)egra A i=1

(an—1,a)_;)€gra A

equivalently, by

n—2

sup (x,z") + (Z(‘IHI — a;, af}) +(x —ap_1,a,_1) + (a1 —z,x¥). (6)

(az2,a})€egra A, i=1
(an—1,a}_;)€graA

Definition 2.2 (Fitzpatrick functions) Let A: X — 2X". For every n € {2,3,...}, the Fitz-
patrick function of A of order n is

Fan= sup Cup(ga) (7)
(a,a*)egra A

The Fitzpatrick function of A of infinite order is Fq oo = SUPpe(23,..} Fan-

The first result is immediate from the definition.

Proposition 2.3 Let A: X — 2% and let n € {2,3,...}. Then Fan: X x X* — [—o0,+00] is
convex and lower semicontinuous. At (x,x*) € X x X*, the value of Fa p is given by

n—2

sup (oat) + (me _ >) @ anndh )+ (@ —za). (8)
(a1,a])€egra A, i=1

(an—1,a7_,)€grad



Moreover,
Fan>(,-) ongraA. 9)

If n = 2, then (8) simplifies to SUP(4 g*)egra a{®; @*) + (a,2%) — (a,a”), which is the original def-
inition (see Definition 1.3) of the Fitzpatrick function [21] of A at (z,2*) € X x X*. Note that
(FA,n)n6{2,37...} is a sequence of increasing functions and that Fj, — Fa o pointwise. We now
provide a characterization of n-cyclically monotone operators by Fitzpatrick functions of order n
which directly generalizes [28, Proposition 2].

Proposition 2.4 Let A: X — 2X" and let n € {2,3,...}. Then the following are equivalent.

(i) A is n-cyclically monotone.
(i) Fan<(,-) ongraA.

(i) Fan = () ongraA.

Proof. Take (x,z*) € gra A and take n — 1 additional points (a1, a}),..., (an—1,a;_;) in gra A.
“(i)=(i1)”: In view of Definition 1.1, (Z?:_f(a,url —a;,al)) + (& — ap-1,a5_) + (a1 —z,2%) <0
and thus (z,z*) + (E?:_12<ai+1 —ai,a})) + (x — an—1,a}_1) + (a1 — z,z*) < (z,2*). Recalling (8)
and taking the supremum over (a1,a}),. .., (an—1,a),_;) in gra A, we see that Fy ,(z,2*) < (z,2%).
“(i)=(iii)”: This follows from (9). “(ii)=({1)": By (8), (x,2*) + (X1 (ait1 — i af)) +
(@ —ap-1,a; ) + (0 —x,2%) < (w,2%). Hence (31T ai —ai,a})) + (& —an1,a_1) +
(a3 — z,2*) <0, which implies that A is n-cyclically monotone. |

Corollary 2.5 Let A: X — 2X7. Then A is cyclically monotone < Fao < (-,-) on graA <
Fpoo = () on graA.

Proof. This is clear from Proposition 2.4 and the fact that Fia oo = suppeqa3,.} Fan- [

Remark 2.6 For any function f: X x X* — ]—o00,+00], set, as in [21, Definition 2.1], G;: X —
2X" iz — {2* € X* | (z*,2) € Of (v,2*)}. Fitzpatrick proved that for any A: X — 2% that is
monotone, the operator G, , is a monotone extension of A (and hence A = Gf,, whenever A is
maximal monotone); see [21, Corollary 3.5]. The following generalization holds. Let A : X — 2%~
be n-cyclically monotone for some n € {2,3,...}. Then G, , is a monotone extension of A.
Consequently, if A is mazrimal monotone, then A = G, . Indeed, it follows from [21, Lemma 3.3]
that Gr,, is a monotone extension of A. Take (x,z2*) € graA. Then (z*,2) € 0Fa2(z,2*) and
thus, for any (y,y*) € X x X*,

Fpo(x +y,2" +y*) — Fao(z,2%) > (y,2%) + (¥, x). (10)

On the other hand, we have F4, > F42 and also, by Proposition 2.4, Fy,(z,2*) = (z,z*) =
Fpo(z,z*). Altogether, Fan(x +y,2* + y*) — Fan(z,2*) > (y,2*) + (z*,z), and hence (z*,z) €
OF g n(v,2%), ie., (v,2%) € graGF, .



The next result deals with the extensibility of n-cyclic monotone operators.

Proposition 2.7 Let A: X — 2% be n-cyclically monotone for some n € {2,3,...}, let (z,2*) €
X x X*, and define B: X — 2% via graB = gra AU {(z,2*)}. Then B is n-cyclically monotone
& Fap(x,a*) < (x,z).

Proof. “=": Proposition 2.4 (applied to B) shows that Fp,(z,z*) < (z,z*). On the other
hand, since graA C graB, (8) yields Fa,(z,2*) < Fpy(z,2*). Altogether, Fy,(z,z*) <
(x,x*). “«<": The result is clear if (x,2*) € graA so we assume that (z,2*) ¢ graA. Take
(b1,07), (b2, b3),...,(by, b)) in graB and set b,41 = by. If these n pairs all belong to gra A,
then >0 (biy1 —b;,bf) < 0 since A is n-cyclically monotone. Otherwise, the set of indices
I ={ie{1,2,...,n} | (b;,b}) = (z,x*)} contains K elements, where K € {1,2,...,n}. Write
I={iy,... ix}, where 1 <ij < iy <...<ig <n. After relabeling if necessary, we assume further
that 71 = 1 and we set i1 =n + 1. Then

n K Tpt1—1
K(w,a*) + Y (biy1 — bi,b) = <<$>33*> + > (bip1— bi,bD)
i=1 k=1 i=iy,
< KFpp(x,z")
< K(z,z"). (11)
We deduce that > | (bip1 — b;, bF) < 0 and this implies the n-cyclic monotonicity of B. |

The following result extends [21, Corollary 3.9].

Corollary 2.8 Let A: X — 2X" be mazimal n-cyclically monotone, for somen € {2,3,...}. Then
Fapn > () outside graA, and Fa, = (-,-) on gra A.

Proof. Suppose to the contrary that there exists a point (z,2*) € (X x X*) \ (gra A) such that
Fan(z,2%) < (x,r*). Proposition 2.7 implies that the operator B: X — 2% defined via gra B =
gra AU {(z,z*)}, is still n-cyclically monotone which contradicts the maximality assumption on A.
Hence Fy4, > (-,-) outside gra A. Finally, by Proposition 2.4, F)y , = (-,-) on gra A. [

We now provide characterizations of maximal n-cyclic monotone operators within the classes of
maximal monotone, n-cyclic monotone, and general set-valued operators.

Theorem 2.9 Let A: X — 2X7 be mazimal monotone and let n € {2,3,...,}. Then the following
are equivalent.
(i) A is n-cyclically monotone.

(ii) A is mazimal n-cyclically monotone.

(iii) graA = {(z,2*) € X x X* | Fan(z,2*) = (z,2%)}.



Proof. “(i)=-(ii)”: This is clear since A is maximal monotone. “(ii)=-(iii)”: A direct consequence
of Corollary 2.8. “(ili)«<=(i)”: Take any (z,z*) € graA. Then Fy ,(x,z*) = (z*,z) by assumption.
Hence Proposition 2.3 implies that

n—2
sup <Z(a,~+1 — a;, af>> +(x —ap—1,a,_1) + {a; —x,2%) = 0. (12)
(a1,a])€gra A, i=1

(an—1,a}_;)Egra A

Therefore, for n — 1 arbitrary pairs (a1, aj), -, (an—1,a)_;) in gra A, we have

n—2
<Z<Gi+1 — aj, aj}) +(x —ap_1,a,_1) + (a1 —z,x*) <O0. (13)

i=1

Since this holds for every (z,z*) € gra A, we conclude that A is n-cyclically monotone. |

Remark 2.10 Let A: X — 2%° be maximal monotone. For every n € {2,3,...}, set S, =
{(z,2*) € X x X* | Fap(w,a*) = (z,2*)}. It is clear from Corollary 2.8 and (8) that pointwise

() SFaa < Fag<- - <Fan— Fac (14)

and hence that
graAd=5,>258>-D28,D84+1 D . (15)

We now have the following dichotomy. Either S, = gra A, in which case A is a subdifferential
operator (see Fact 3.2 below), or there is a minimal n € {2,3,...} such that graAd = S, 2 Sp41.
In the latter case, by Theorem 2.9, A is n-cyclically monotone but not (n + 1)-cyclically monotone.

Theorem 2.11 Let A : X — 2% be n-cyclically monotone for some n € {2,3,---}. Then A is
mazimal n-cyclically monotone < {(z,2*) € X x X* | Fapn(z,2*) < (z,2*)} C gra A.

Proof. “=": Take (z,z*) € X x X* such that Fu,(z,2*) < (z,z*). By Proposition 2.7, gra AU
(z,x*) is the graph of an n-cyclically monotone operator. Since A is maximal n-cyclically monotone,
we deduce that (x,z*) € graA. “<”: Assume to the contrary that A is not maximal n-cyclically
monotone. Hence there exists A: X — 2% such that A4 is a n-cyclically monotone and gra A is a
proper subset of gra A. Take (z,x*) € gra A~ gra A. Then Fg’n(x, x*) = (x,z*) by Proposition 2.4.
On the other hand, Fy ,(z,z*) < ngn(x,x*). Altogether, Fu p(z,2*) < (z,2*). This contradicts
the hypothesis since (z,z*) & gra A. [ |

Corollary 2.12 Let A: X — 2% be cyclically monotone. Then A is mazimal cyclically monotone
& {(z,2%) € X x X* | Fapo(z,2*) < (2,2%)} C graA.

Proof. “«<”: Assume A is not maximal cyclically monotone. Then there exists (y,y*) €
(X x X*) \ graA such that graA U {(y,y*)} is the graph of some cyclically monotone opera-
tor, say B. By Corollary 2.5, Fa oo(y,9¥") < FBoo(y,y*) < (y,y*). The hypothesis now implies



that (y,y*) belongs to gra A, which is absurd. “=": Assume the inclusion is false, i.e., there exists
(y,y*) € X x X* such that Fa (y,y*) < (y,y*) vet (y,y*) & graA. Thus, (Vn € {2,3,...})
Fan(y,y*) < Faco(y,y*) < (y,4). Let B: X — 2% be given via graB = graA U {(y,y")}.
Proposition 2.7 implies that (Vn € {2,3,...}) B is n-cyclically monotone. Hence B is cyclically
monotone, which contradicts the maximality of A. |

Theorem 2.13 Let A: X — 2X" and let n € {2,3,...,}. Then A is mazimal n-cyclically mono-
tone & graA = {(z,2*) € X x X* | Fapn(z,2%) < (z,2%)}.

Proof. Combine Theorem 2.11 and Proposition 2.4. |

The next result, which is a refinement of [21, Proposition 4.2], provides an upper bound of F'y 5
in terms of the Fenchel conjugate of Fju .

Theorem 2.14 Let X be reflexive and let A: X — 25 be n-cyclically monotone for some n €
{2,3,...}. Then (V(z,2*) € X x X*) Faa(x,2*) < Fy (2", ).

Proof. Take (z,2*) € X x X*. Then

F:X,n(x*vx) = sSup (((%y*)v(x*?x» _FA,n(y7y*))
(y,y*)EX x X*

> sup  ((y,2") + (z,¥") — Fan(y,y"))
(y,y*)€gra A

= sup ((y,2") + (z,97) — (y,4) (16)
(y,y*)egra A
= FA,2($7:L‘*)7 (17)
where we used Proposition 2.4 in (16). [

Corollary 2.15 Let X be reflezive and let A: X — 2% be mazimal n-cyclically monotone for
somen € {2,3,...,}. Then A is mazimal monotone < (V(z,z*) € X x X*) F}  (z*,2) > (z,z").

Proof. “=7: Suppose that A is maximal (2-cyclically) monotone. Fix any (z,z*) € X x X*.
On the one hand, by Corollary 2.8, Fya(x,2*) > (x,z*). On the other hand, by Theorem 2.14,
Fz’n(m*,m) > Faa(x,x*). Altogether, Fu,(z*,x) > (x,2*), as claimed. “<”: Suppose that
(V(z,2*) € X x X*) F} , (*,x) > (x,2*). Since A is maximal n-cyclically monotone, Corollary 2.8
yields (V(z,z*) € X x X*) Fypn(z,2*) > (z,2*). Therefore, by [18, Theorem 3.1] (see also [45,
Theorem 1.4] and [34, Theorem 6)), the set {(z,2*) € X x X* | Fa,(z,2*) = (z,z*)} is the graph
of a maximal monotone operator. Since Fy4, > (-,-), this set is equal to {(a;,a:*) € X x X* |
Fan(x,2*) < (z,2*)}, which, by Theorem 2.13, is gra A. [

The following example illustrates that maximal n-cyclic monotonicity does not imply maximal
monotonicity.

Example 2.16 There exists a maximal 3-cyclically monotone operator on R? that is not maximal
monotone.



Proof. Let X = R? and define an operator A: X — 2% viagra A = {(z1,2}),..., (21, 2])} C RZxR?

where
(21, 1) = ((17 0), (0, 1))7 (22, z5) = ((07 1), (-1, 0))7
(Z3’ Z>3k) = ((_1’ 0)’ (_17 _2))7 (Z4’ ZZ) = ((0’ _1)7 (07 _1))'
It is elementary to verify that A is 3-cyclically monotone. Zorn’s Lemma guarantees the existence
of an operator B: X — 2% such that gra A C gra B and such that

(18)

B is maximal 3-cyclically monotone. (19)

We shall prove by contradiction that
(0,0) ¢ dom B. (20)
Thus assume there exists ({,7) € X such that ((0,0),(£,n)) € graB. Define A via graA =

gra AU { ((07 0), (&, 77)) } Then gra A C gra B. Hence A is 3-cyclically monotone, which leads to the
following set of conditions on (&, 7): {5 <0,n<0,&>-1,n>-1,n<1,£<-1,£E> -2, >
—1,£<2, 6> -3,n<0,n>—-2,¢£ > 0}. Since the subset {£ < —1,£ > 0} of these conditions is
inconsistent, we have arrived at a contradiction. This verifies (20). We now claim that

B is not maximal monotone. (21)

Once more, we argue by contradiction and thus assume that B is maximal monotone. A result of
Simons [43, Theorem 18.3] implies that

int dom B = int conv dom B. (22)

Now graA C graB = domA C dom B = intconvdom A C intconvdom B. Hence, using the
definition of A and (22), we deduce that

(0,0) € int conv{zy, 22, 23, 24} = int convdom A C int convdom B = intdom B C dom B.  (23)

But (20) and (23) are contradictory, and we therefore have proved that B is not maximal monotone.
In view of (19) and (21), we see that the operator B does the job. [ |

3 Rockafellar’s antiderivative

Recall the definition of the function Cy j (4,4+) in Definition 2.1 for an operator A: X — 2X" and the
two corresponding sets of parameters, namely points (a,a*) € gra A and integers n € {2,3,...}. The
Fitzpatrick function of order n arises by keeping n fixed while supremizing over (a, a*). Analogously,
we shall see that Rockafellar’s antiderivative is (essentially) obtained by keeping (a, a*) fixed while
supremizing over n. Therefore, the function Cy , (4,a+) can be viewed as the “common ancestor” of
the Fitzpatrick functions and Rockafellar’s antiderivative.

Definition 3.1 (Rockafellar function) Let A: X — 2X° and (a,a*) € gra A. Then we define
the Rockafellar function by

Ra (ga): X — |00, +o0] : x+—=  sup  Cyp (a0 (7,0) (24)
ne{2,3,...}



The importance of the Rockafellar function stems from the following fundamental result due to
Rockafellar (see [38] or [48, Proposition 2.4.3, Theorem 3.2.8, and Corollary 3.2.11]). It states
that maximal cyclically monotone operators are precisely the subdifferential operators of convex,
lower semicontinuous and proper functions. Moreover, the Rockafellar functions are antiderivatives,
which are unique up to constants.

Fact 3.2 (Rockafellar) Let f: X — ]|—o0,+00] be convex, lower semicontinuous, and proper.
Then Of is maximal monotone and cyclically monotone, hence maximal cyclically monotone. Con-
versely, let A: X — 2% be mazimal cyclically monotone and let (a,a*) € gra A. Then RA (a,0%) 18
convez, lower semicontinuous, and proper, R (qq+)(a) =0, and

A=0R4 (4.0 (25)

is maximal monotone. If 0f = A, then f(-) = f(a) + Ra (q,a+)()-

We shall utilize the following result of Borwein (see [8, Theorem 1] or [48, Theorem 3.1.4(i)]).

Fact 3.3 Let f: X — |—o00,+00] be convex, lower semicontinuous, and proper. Then

(Ve > 0)(Vz € dom f)(Fye p € domIf) ||z —ye ol <€ and |f(z) — f(yez)| <e. (26)

The proof of the following result is borrowed from [3, Corollary 1.3].

Proposition 3.4 Let f: X — |—o00,400| be convex, lower semicontinuous, and proper. Then

Vot e X) flat) = s ((@a) - f@). (21)
z€dom O f

Proof. Let h = f + tqomay. Then Fact 3.3 states that grah is dense in gra f. Hence for every
x* € X*, f*(z*) = sup(gra f, (z*,—1)) = sup(grah, (z*,—1)) = SUDycdom o f ((x,az*> — f(x)) [ |

We now compute the Fitzpatrick function of infinite order and its Fenchel conjugate for subdif-
ferentials. Further information on Fitzpatrick functions of order 2 for subdifferentials can be found
in [7].

Theorem 3.5 Let f: X — ]—00,+00]| be convex, lower semicontinuous, and proper. Then for
every (z,z*) € X x X*,

(,2") < Fypa(x,2*) < Fayps(x,2™) <o < Fapp(x,2") = Fypoo(x,2™) = f(x) + fH(2¥) (28)
and
Fyro(x®,2) > Fapa(a®,z) > - > Fyp (2%, @) — h(a™, 1) > Fyp o (2%,2) = f*(2%) + f(x), (29)

where h: X* x X: ]—o0,+00] is conver and h(x*,x) > h*(z*,z) = f*(«*) + f(z).

10



Proof. By Definition 2.2 and (8), it is clear that (Fjp f,n)ne{lg’m} is an increasing sequence converging
pointwise to Fyfoo. By Fact 3.2, 0f is maximal monotone so that Corollary 2.8 implies that
() < Fago. Take (z,2%) € X x X*. Using Definitions 2.1&3.1, Fact 3.2 and Proposition 3.4, we
see that

Fofoo(z,2*) = sup Fyfp(z,2*)= sup sup C’aﬁn,(a,a*)(x,x*)
ne{2,3,...} ne{2,3,...} (a,a*)€gradf
= sup sup C@f,n,(a,a*) ($7 0) + <a7 $*>

(a,a*)egradf ne{2,3,...}

= sup (a,7") + Ry (a,0%)(7)
(a,a*)egradf

= swp (a,2") +(f(2) = f(a)) = f(x) + sup ((a,27) — f(a))

(a,a*)egradf acdom O f
= f(z) + f*(z7). (30)
This proves (28). By Fenchel conjugation, we learn that (Fgf,n($*’$))n€{23...} is a decreasing
sequence converging to h(z*,x), where h: X* x X: ]—o00,400] is a convex function such that

h(z*,x) > h*™*(z*,x) > f*(x*) + f(z). Conjugating this decreasing sequence yields Fyo(x,z*) <
Fypa(z,z*) < - < Fopp(x,a*) < - < h*(x,2%). Hence Fy oo(x,2*) = f(x) + f*(2*) < h*(z, z*).
Conjugating this inequality yields h**(z*,z) < f*(z*) + f(x), which completes the proof. |

4 Examples

Example 4.1 (reciprocation) Let X =R and let

—Ing, if€>0;

400,  otherwise.

f:R— ]—o00,+00] : { — {
Then (V€ € R) 0f(§) = —1/¢, if £ > 0; 9f(§) = @, otherwise, and (Vn € X) f*(n) = f(—n) — L.
Furthermore,

(n—1)—n¥Y—ng, if&>0andn<O0;

. (32)
400, otherwise

(V’I’L € {273,---})(V(5,77) € Rz) F@f,n(éan) = {

and FBf,oo(&ﬁ) = lim,, Faf,n(fan) = f(g) + f*(ﬂ)
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Proof. Take (£,n) € R%. Using (8), we see that

n—2
Forn(&,m) = sup <Z(ai+1 - Oéi)ﬁz’) +(§ — an—1)Bn-1 + a1n

(a1,61)€gradf, =1

(an—1,8n—1)€gradf

n—2
-1 -1
= sup e} —i—( (o7} —a-—>+ — Qp—
w150, smp150 T ;( i+~ i) o €~ an 1)%—1
. az a3 Qp—1 £
(n ) a1>0,}~I,10ln71>0 [al( 77) + a1 + Qo + + [a 7)) + Qp—1 ( )
If £ <0, then Fy,(&,n) = +oo (via oy =ag =+ =ay—2 =1 and a,—1 | 0in (33)). Similarly, if

n >0, then Fy¢,,(§,m) = +oo. We thus assume that £ > 0 and 7 < 0. Then the bracketed term in
(33) is clearly nonnegative. If £ = 0, then Fyy,,(£,m) = n— 1 since the bracketed term can be made
arbitrarily close to 0 (consider ag = a2,... a1 = o/f_l and let ag | 0). An analogous argument
shows that if = 0, then Fy¢,(&,17) = n — 1 as well. Finally, we assume that £ > 0 and n < 0.
Then the Arithmetic-Mean-Geometric-Mean inequality shows that

al(_n)+%+%+...+ﬁ+ £ ZHT\L/al(_n)%%...%L:nﬂ/_né“’ (34)

aq a2 Qp—2 QAp—1 a1 Qg Qp—2 On—1
and equality in (34) holds exactly when

(65) Qs Qnp—_1
1 €%) Op—2 Qp—1

which is a system of equations that can be solved by forward or backward substitution. Therefore,
Forn(&,n) = (n—1) —n{/—n&. The formula for Fy o follows from (28). [

We now give an example where all Fitzpatrick functions coincide. This example will be consid-
erably strengthened in Section 5.

Example 4.2 (normal cone operator) Let X be a real Hilbert space and let C' be a nonempty
closed convex subset of X. Set No = Jvc. Then

(Vne{2,3,...})(V(z,2") € X x X) Fnyn(z,2") = Fng ooz, 2") = tc(z) + 1o(27). (36)

Proof. Take n € {2,3,...} and (z,2*) € X x X. On the one hand, as shown in [7, Example 3.1],
Fng o(x,2*) = te(x) + to(z*). On the other hand, (28) implies that Fi, 2(x,2*) < Fy,n(z,2*) <
Fne oo, 2*) = 1o(x) + 15 (x*). Altogether, we conclude that (36) holds. [
Remark 4.3 Let X =R and let
400, if p <0;
f: X — ]—00,400] : pr 10, if p=0; (37)
pln(p) —p, ifp>0.
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Denote the inverse of the function [0, +o0o[ — [0,+00] : p — pe” by W. (The function W is known
as the Lambert W function.) Then by [7, Example 3.6]

+00, if p <05
Fopa: (p,p*) = qexp(p® — 1), if p=0; (38)
pp* + p(W (k) + m —2), ifp>0andk=pel .

Unfortunately, we were unable to find a closed form for Fyy, for n € {3,4,...}.
Example 4.4 (identity) Let X be a real Hilbert space and n € {2,3,...}. Then
Fan: XxX = R: (z,2%) = llz]®+ 52" — g le—2*|* = B2 (2] + 12" 1?) + 55 [la+2*]1 (39)
and Figoo: X X X — R: (z,2%) = gllz|* + 3ll=*|*.
Proof. Take (z,z*) € X x X. Using (8), we see that
n—2
FId’n(a:,a;*) = sup |:Z<xi+1 — xi,xi> + (a: — xn_l,azn_1> + <x*,x1> . (40)
T1ye3Tn—1 i=1
The bracketed term can be rewritten as

— (@1, 21) + (T2, 21) — (T2, 22) + (w2, 23) — (T3, 23) + -

- <xn—2a$n—2> + <xn—27$n—1> - <$n—17xn—1> + <$7xn—1> + <l‘*,l‘1>

= —gllzl® = gller — w2 = gllee — 23l® = - = Fllen-2 — 2o | = gll@n ]
+ (z,Tp_1) + (¥, 21)
= sllzll® + 32 (1* = 3lla* — @ |? = gllzr — z2l® =+ = Fllen—2 — @aa | = gllwn—s — [, (41)
which is clearly a concave and differentiable function in x = (x1,...,2,-1), call it U. Then

V¥(x) = 0 is equivalent to the linear system

—2x1+x0+2"=0 (42)

1 —2x0+x3=0 (43)
To—2x3+ x4 =0 (44)

(45)

Tp—g—2Tp_9+ Tp_1=0 (46)
Tp—9 — 2%p_1 +x = 0. (47)

This system has either no or a unique solution since W(x) is strictly concave in x; and x,_; and
since the other variables can be obtained by forward or backward substitution. In fact, the latter
case is true: setting

(Vk e {1,2,...,n—1}) $k:$*+%($—l‘*), (48)
one verifies that (42)-(47) holds and, by (41), that Fig,(z,2*) = 1||z|* + 1||z*[]> — 55 [lz — 2*||.

Finally, Id = V|- |> and (3] - |[*)" = &I - |, so the formula for Fiq follows from (28) (or by

letting n tend to +oo in (39)). [
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Example 4.5 (skew operator) Let X be a Hilbert space and let A: X — X be a skew-
symmetric, i.e., A is continuous, linear, and A* = —A. Furthermore, suppose that A # 0 and
that n € {3,4,...}. Then Fa2 = tgaa and Fy, = +0o. Consequently, A is maximal monotone,
but it is not n-cyclically monotone.

Proof. We shall use repeatedly that (Vy € X) (y, Ay) = 0. Let (z,2*) € X x X. Using (8), we see
that

Fpao(x,x™) = sup ((:E,Ay) + (y,x*) — (:E,A:E>) = sup(A*z + x*,y)

yeX yeX
= sup(z” — Az,y) = 1{o} (v — AT) = tgraa(x, 7). (49)
yeX

Since A # 0, we deduce that A* # 0 and hence there exists z € X such that A*zZ + x* # 0. Then

Fys(z,x*) = syuzp ((z =y, Ay) + (z — 2, A2) + (y,z")) = Syuzp ((z, Ay) + (z, Az) + (y,z"))

> sup(A*Z + 2%, y) + (x, AZ) = +o0. (50)
Yy

Using (14), we see that Fj4, = +oo. The “Consequently” part follows from Theorem 2.9 and
Theorem 2.13. u

In [1], Asplund provides examples of matrices that are n-cyclically monotone but not (n + 1)-
cyclically monotone. However, his statement is not very explicit. For completeness, we give a
simpler proof of his observation that the matrix corresponding to the rotation by m/n in the
Euclidean plane is n-cyclically monotone yet not (n + 1)-cyclically monotone.

Example 4.6 (rotations) Let X = R? and let n € {2,3,...}. Denote the matrix corresponding
to counter-clockwise rotation by w/n by R,, i.e.,

n <COS(7r/n) —sin(w/n)>. (51)

sin(w/n)  cos(m/n)

Then R,, is maximal monotone and n-cyclically monotone, but R,, is not (n+1)-cyclically monotone.

Proof. Tt is clear that R, is monotone, and that RY = R,'. Since dom R, = X, the maximal
monotonicity of R, is thus a consequence of [43, page 30]. Since Ry is skew-symmetric, Example 4.5
implies that Rs is not 3-cyclically monotone. We have verified the conclusion for n = 2 and thus
assume for the remainder of the proof that n € {3,4,...}. Let us show first that R, is not (n + 1)-
cyclically monotone. Take x € X ~ {0}. Since R, + R}, is invertible (in fact, a strictly positive
multiple of the identity), there exists a € X such that %Rna + %Rfla = R;x. Note that a # 0
(since  # 0) and that R,a # R}a (since m/n < m). The fact that R, is an isometry and the
parallelogram law thus yield 4|al|? = 2||Rnal? + 2||Rkal|* = ||Rua + Ria|? + ||[Rua — Rial?> >
|Rna + Ria|* = ||2R:z||? = 4]|z*. Hence

llall > fl[]- (52)
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Furthermore, R,a+R}a = 2R} x implies that 2(a, R,a) = (a, Rpa + R}a) = 2(a, R} x) = 2(Rya, x).
Using (52), we note that

—{a, Rpa) + 2(x, Rya) = (a, Rya) = ||al|? cos(m/n) > ||z|* cos(m/n) = (x, Ryx). (53)
We now take n points from gra R,, by setting
(Vi€ {1,2,...,n}) (a;,a}) = (R¥a, R*"a). (54)
Then, since R,, is an isometry, we have for every i € {1,2,...,n — 1},

(01 = 00,07) = (220 — R, REa) = (20, B2 1a) — (R, B 1a)

= (Rna,a) — (a, Rya) = 0. (55)

Using (8), (54), (55), the fact that R?" = Id and that R, is an isometry, and (53), we deduce that

n—1
P Ro) 2 (Y {ois1 = a0,60)) = (ansa) + (2,00 + (a1, o)
=1

= —(R2a, R;"a) + (z, R2"'a) + (Ria, Ryx)
= —(a, Rya) + (x, Rya) + (Rpa,x)
> (x, Ryx). (56)

Thus Fr, n+1 > pon gra R, ~{(0,0)}, and therefore, by Proposition 2.4, R,, is not (n+1)-cyclically
monotone.

It remains to show that R, is n-cyclically monotone. Take x1 = (£1,m1),...,2n = (§n, 1) in X,
and set x,11 = 1. We must show that

0 Z Z(xiﬂ — T, Rna;,> (57)

i=1

We now identify R? with C in the usual way: x = (£,7) in R? corresponds to & 4 in in C, where i =
v—1 and (z,y) = Re (Ty) for x and y in C. The operator R,, corresponds to complex multiplication
by

w = exp(ir/n). (58)

Thus our aim is to show that 0 > Re (Z?Zl(miﬂ — mz)wa:,) =>" Re ((mi“ — xi)wa:i), an in-
equality which we now reformulate in C". Denote the n x n-identity matrix by I and set

01 0 -~ 0
00 1 0
B=|: eC™™ and R =wleCM ", (59)
0
0 1
10
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Identifying x € C" with (z1,...,2,) € X", we note that (57) means 0 > Re (((B — I)x) Rx);
equivalently, 0 > x*(B*—I)Rx+x*R*(B—1I)x. In other words, we need to show that the Hermitian
matrix

(wH+w) —w 0o - 0 —w
—w (w+w) . 0
C=I-BYR+RI-B)=| 0O : (60)
5 0
0 (w+w) —w
—w 0 0 —w (wH+D)

is positive semidefinite. The matrix C is a circulant (Toeplitz) matrix and thus belongs to a class
of well-studied matrices that have close connections to Fourier Analysis. E.g., by [20, Chapter 3]
or by [31, Exercise 5.8.12], the set of (n not necessarily distinct) eigenvalues of C is

A = {q(1), q(W?), ... ,q(w2("_1))}, where q:t— (w+T) —wt —ot" L. (61)

Since w?™ = 1, we verify that A = {2cos(m/n) — 2cos((2k + 1)m/n) | k € {0,1,...,n —1}} is a set
of nonnegative real numbers, as required. |

Remark 4.7 Let X and R, be as in Example 4.6. We claim that
(Vn €{2,3,4}) FRr, nt1 = +o0. (62)
Indeed, take n € {2,3,4}, (z,2*) € X x X* and a € X, and set
(Vie{1,2,....,n}) (as,a}) = (R: 1 a, Ria). (63)

Then (8), the fact that R,, is an isometry, and the Cauchy-Schwarz inequality imply that

n—1
Fr, nt1(z,2*) > <Z<R;a — R, Rfla>> — (R"a, R"a) + (z, R"a) + (a,z*)

i=1
n—1

= <Z<Rna — a,Rna>> —(a, Rya) + (z, Rya) + (a,z")
i=1

> (n—1)|al* — n(a, Rna) — |[2ll]lal| - [|a[|2"]

= llall*(n — 1 = ncos(r/n)) — llal ([l + l="])- (64)

Since n € {2,3,4}, we know that n — 1 — ncos(w/n) > 0 and hence that (64) tends to oo as
la|| — 4o00. Therefore, (62) is verified. However, our knowledge of Fg, n11 for n € {5,6,...} is
rather limited.
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5 The Fitzpatrick family for subdifferential operators
of sublinear and of indicator functions

The following family of functions was first studied in [21] and then in [17].

Definition 5.1 (Fitzpatrick family) Let A: X — 2% be mazimal monotone. The Fitzpatrick
family F4 associated with A consists of all functions F: X x X* — ]—o0,+00] such that

F is convex, lower semicontinuous, p < F', and p = F on gra A. (65)

Let A: X — 2% be maximal monotone. As mentioned in Fact 1.4, Fitzpatrick proved in [21]
that Fa o € F4 and that it is the smallest member of F4:

(V(z,2%) € X x X*) Fag(z,2*) =min{F(z,2*) | F € Fa} = (tgran +p)*(a", 2). (66)

Fitzpatrick also proved that for every (z,2*) € X x X*, Fyo(z,2*) < FZQ(x*, x) < tgraa+p. This
implies that (tgraa + p)™*|xxx* belongs to F4 and is, in fact, the largest member of F4:

(V(z,2%) € X x X*)  (1graa +p)*"(z,2%) = max {F(z,3") | F € Fa}. (67)

For any two functions f: X — ]—o00,+o0] and g: Y — ]—00,+00], where YV is a real Banach
space, we denote the function X x Y — |—o0,+o0]: (z,y) — f(x) + g(y) by f @ g. Note that if
f: X — |—o00,+00] is convex, lower semicontinuous, and proper, then df is maximal monotone
and f @ f* € Fas. In [17], Burachik and Svaiter established the following new characterization of
the subdifferential operator: If F4 contains a separable member f @ g, then necessarily A = Of
and g = f*. In this section, we shall present two examples (see Theorem 5.3 and Corollary 5.9)
where the Fitzpatrick family Fp¢ reduces to the singleton {f @ f*}. We shall require the following
useful properties of sublinear functions (see, e.g., [3, page 26| or [48, Theorem 2.4.14]). Recall that
f: X — ]—00,4+00] is sublinear if f is convex, f(0) =0, and (Vz € X)(VA > 0) f(Az) = Af(x).

Fact 5.2 Let f: X — ]|—o00,+00] be sublinear, lower semicontinuous, and proper. Then
(i) f*= Laf(0), and
(i) (Vz€ X)(VA>0) 0f(\z) =0f(z) ={z* € df(0) | (z,2*) = f(2)}.

(iii) f= %f(o)‘X = SUP<'7af(O)>-

Theorem 5.3 Let f: X — |—o0,+00] be sublinear, lower semicontinuous, and proper. Then

For ={f®f}.

Proof. We claim that
Laf(0) eff=fof"= (teradf +p)". (68)
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The left equality in (68) is clear from Fact 5.2(i). Fix (z*,2*) € X* x X** and assume first that
x* ¢ 0f(0). Then
(f* & f)(@", a™) = wop0)(&") + 7 (a™) = +o0 (69)
and there exists w € X such that f(w) < (w,z*). Now Fact 3.3 guarantees the existence of a point
z € dom Jf such that
f(z) < {z2%). (70)
Using (70) and Fact 5.2(i), we estimate
+00 > (tgraoy +p)" (2" 2™) = sup  ((y.2") + (" 2™) — (y,47)) (71)
(y,y*)egradf
> sup ((Az,2") + (25, 2™) — (Az,27)) > sup (A({(z,2") = (2,2%)) + (", ™))

A>0 A>0
2*€df(\2) 2*€df(0)
(z,2*)=f(2)
= s ({22 = F(2) + (a) = swA((5a) — f2) + sup (@)
A0 A>0 2*€af(0)
2*€df(0) (z,2*)=f(z)
(z,2")=f(2)
= +o0. (72)

Altogether, (69) and (71)—(72) imply that (68) holds when z* ¢ 0f(0). We now assume that
x* € 0f(0). Using Fact 5.2(i), we then obtain

= sup ((y",2™) —top0)(¥")) = sup  ((0,2") + (y*, 2™) = (0,97))
yrex* y*€af(0)

< sup ((y, @)+ (¥, 2™ — (y,y"))
(y,y*)€gradf

= (tgragy +p)" (2", 2™). (73)

On the other hand, [38] or [43, Lemma 34.6 and Theorem 34.8] guarantee the existence of a net
(zq) in X such that z, — z** (i.e., weak® convergence) and f(zo) — f**(«**). Using (66)
and Theorem 3.5, the fact that any conjugate function is weak* lower semicontinuous and that
(z*,xq) = (2*,2*), we deduce

(Lgraaf +p)*(x*,33**) < li_m(Lgraaf +p)*($*7$a) = h_mFaf,2(xa7m*) < h_f(.il'a) + f*(x*)

Combining (73) and (74), we conclude that (tgraaf +p)*(2*, ™) = (f* @ f**)(2*, 2*™) in this case
as well. Therefore, we have verified (68) and hence

f* 53] f** = (Lgraﬁf +p)*- (75)

Now (75), the fact that f**|x = f (see [43, Remark 34.4]), and (66) imply that (V(z,z*) € X x X*)
(f® ), z*) = f*(a*) + f(z) = (f* @ ) (@, 2) = (tgaas +0)* (2", 2) = Fopa(x,2%), ie., that

Fyro=f® f". (76)
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Conjugating (75) we obtain f** @ f*** = (1gaaf + p)**; restricting this to X x X* we arrive at

f@f* = (Lgraaf +p)**’X><X*- (77)
In view of (66)&(67), we deduce from (76)&(77) that f @& f* is both the smallest and the largest
member of Fyy, i.e., that f @ f* is the only member of Fy;. |

The proof of Theorem 5.3 relies critically on Fact 3.3. This deeper result can be avoided if f is
everywhere subdifferentiable. However, as the following example shows, a proper sublinear lower
semicontinuous function may fail to be subdifferentiable on its domain.

Example 5.4 Suppose that X = R? and let C = {(&,n) € X* | 0<1/£ <n}. Then C is closed,
convex, and nonempty, and the corresponding proper, lower semicontinuous, and sublinear support
function f = i is given by

—24/&n, if&<0andn<0;

. (78)
00, otherwise.

f: X — ]-o0,+00]: (&) — {
Moreover, the function f is not subdifferentiable at any point which belongs to the boundary of its
domain, except for the origin.

Proof. Let x be a point which belongs to the boundary of the domain of f which is not the
origin. Then x = (0,n7) where n < 0 or z = (£,0) where £ < 0. In any case, the supremum of
x as a functional on C is not attained. If we show that C' = 0f(0), it will then follow from the
combination of Fact 5.2(ii)&(iii) that 0f(x) = @. Indeed, from the definitions of df(0) and f it
follows that C' C 9f(0). If y* € X* \ C, then there is a functional y € X strictly separating C
from y*, that is, (y,y*) > sup,«cc(y,2*) = f(y), which means that y* ¢ 0f(0), so df(0) C C.
Another point of view (due to S. Simons) is the following. For a fixed £ < 0, the function f(¢&,-)
has a vertical tangent at 0. It follows that f is not subdifferentiable at (&, 0). [

Remark 5.5 Several comments on Theorem 5.3 and Example 5.4 are in order.

(i) Theorem 5.3 was first observed by Penot [34] when X is reflexive. It was also established by
Burachik and Fitzpatrick [16] when X is not necessarily reflexive, but f is everywhere finite;
in fact, in the proof of Theorem 5.3 we generalize some of their calculations. (The statement
of Theorem 5.3 appears in [16], but in a forthcoming corrigendum it is restated to hold when
dom f = X.)

(ii) Example 5.4 provides a proper, lower semicontinuous, and sublinear function that is not
everywhere subdifferentiable on its domain, which is a cone in the Euclidean plane. We now
provide two approaches to the construction of a function of this kind in higher-dimensional
spaces.

(a) Assume first that X is a real Hilbert space of dimension 3 or higher, and write X =
R?2@® Y. Let C and f be as in Example 5.4, and set D = C' @ {0}. Then ¢},: RZx Y —

J—o00,+00] : ((&,1),y) — f(&,n)+ey(y) = f(§n) and hence dom i}, = (domdf) Y &
(dom f) @Y = domj,.
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(iii)

(iv)

(b) Now assume that Y is a real Banach space, that g: Y — ]—o00,+00] is convex, lower
semicontinuous, and proper, and that yo € (domg) \ (domdg). Set X =Y x R and
xo = (Yo, 1), and define the corresponding perspective function (see, e.g., [10, Exercise 24
on page 84], [13, Section 3.2.6], and [40, pages 35 and 67] for further information on this
construction) by

pg(y/p), if p > 0;

. (79)
00, otherwise.

h: X — ]—oo0,+0] : . = (y,p) — {
Since epih is the convex cone generated by (epig) x {1}, it is clear that f = h**|x
is sublinear, lower semicontinuous, and proper. The lower semicontinuity of ¢ implies
the lower semicontinuity of h on (domg) x {1}; in particular, (Vy € domg) f(y,1) =
h(y,1) = g(y). We claim that

zo € (dom f) \ (dom 9f). (80)

It is clear that xg € dom f since f(xg) = h(xzo) = g(yo) € R. Assume to the contrary
that df(zo) # @, say a* = (y*,p") € 9f(x0). Then (Vy € domg) (y —yo,y") =

(v, 1) = (o, 1), (" p")) < f(y, 1) = f(wo, 1) = h(y,1) = h(yo,1) = g(y) — g(yo), which
implies the absurdity y* € dg(yo). This verifies (80).

Let us provide some guidance on how to find Y, g, and yg with the properties required in
(ii)(b). Assume that Y is a real Banach space and that S is a nonempty, bounded, closed,
and convex subset of Y. Fix d € Y \ {0}. Following [25, Section 20.D] and [11, Example 5],
we define

g:Y — ]—00,+00] : y —»min{p e R | y+ pd € S}. (81)
Then g is convex, lower semicontinuous, proper, and (Vy € Y)(Vp € R) g(y + pd) = g(y) — p.
Hence g is unbounded below — which implies that 0 is never a subgradient — and (Vy € Y)
d9(y) = dg(y + g(y)d). Moreover,

(Vy € dom g) y+g(y)deS and
99(y + g(y)d) C {nonzero support functionals for S at y + g(y)d}. (82)
Assume in addition that Y is separable, that int S = @ (equivalently, that the core of S is
empty [25, Lemma 17.E]), and that S is not contained in any closed hyperplane of Y. By
[25, Exercise 2.18], there exists a point yp € S that is not a support point of S. Now take
d €Y \ (cone(yo— S)) and let g be as in (81). Then g(yo) = 0. In view of (82), this implies
that dg(yo) = @, as required.

Here is a concrete scenario of (iii). Let N = {1,2,...} and Y = l5(N). Set

S = {(M)nen € L2(N) | (Yn € N) |n,| <1/4"}, yo = (O)nen, and d = (—1/2")nen, (83)

and verify directly that the properties required in (iii) are satisfied. Fix y = (7, )neny € Y and
pER. Theny+pde S < (VneN) |n,—p/2" <1/4" < (Vn € N) p € [2"n, —1/2",2"n, +
1/2"]. Thus, letting g as in (81), we see that

9: Y — ]=00,+00] : y = (1 )nen = sup (2", —1/2"), (84)
neN
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and that dg(yo) = @ by (iii). Hence, the corresponding perspective function (see (79)) is

sup 2"y, — p/2™), if p > 0;
h: Y xR — ]—00,+00] : ((n)nens p) — nen (2" = p/2") p ) (85)
400, otherwise.
In this particular setting, a little more care shows that f = h** is given explicitly by
sup 2", — p/27), if p > 0;
f1Y xR — ]—00,400] : ((N)nen, p) — { nen (2711 — p/2") p ‘ (86)
00, otherwise.

(v) Let us point out that (up to a minus sign) the function f of Example 5.4 is the perspective
function of y — —2,/y.

(vi) Let C be a weak™ closed and convex subset of X*, and let zy be a point in X such that the
supremum of zg as a functional on C is finite but not attained. Set f = f|x = sup(:,C).
Then C' = 9f(0) (see [48, Theorem 2.4.14(vi)] or the proof of Theorem 5.10 below). According
to Fact 5.2(ii)&(iii), the subdifferential of the proper, lower semicontinuous, and sublinear
function f is empty at xg € dom f. We note that it is precisely such a set (necessarily
unbounded) which is presented in Example 5.4 and in Remark 5.5(ii)(a).

We aim to complement Theorem 5.3 with a result for indicator functions. The following fact
goes back to Rockafellar [38, Proposition 1].

Fact 5.6 Let f: X — |—00,400] be convex, lower semicontinuous, and proper, and let (x*,x**) €
X* x X**. Then (z*,2**) € gradf* if and only if there exists a bounded net (zq,x}) € gradf such
that £, — ™ and x¥, — x*.

Theorem 5.7 Let f: X — ]—o0,+00]| be convex, lower semicontinuous, and proper. Then
F(af)qg = Fyp« . Moreover, if F' € Fyy, then F* € Fyps.

Proof. Since gra(df)~! C gradf*, it is clear that Fop-12 < Fope 2. Take (z%,27) € X* x X** and

(y*,y**) € gradf*. By Fact 5.6, there exists a bounded net (yo,%?) € gradf such that y, — y**
and y! — y*. It follows that

Fop-12@%3") 2 (ya, 2™) + (2", ya) = Y ¥a) = Y5 2™) + (@5 4™) — (", y™). (87)
Supremizing over (y*,y™) € gradf* we get Figp-12(x",2™) > Fypo(x*,2™). Altogether,
F(af)*1,2 = Fyf«o. Take I’ € Fys. Then

F*(.Z'*,.Z'**) — Sllp (<y,-’1’*> + <y*,1’**> o F(y,y*))
(y,y*)eX X X*

>  sup  ((y,2%) + (5, 2™) — (y,9"))
(y,y*)€gradf

= Flop-1.2(2",2™)
— Faf*72(x*’x**)
> (x*,27"). (88)
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Since F' > Fyyr o, we deduce F™* < F§f2 and hence
F* oo x < Fypolxexx. (89)

Assume that (2, 2%) € gradf. Then Fj;,(2%, 2) = SuP(y o+)ex x x* ((z,2*) + (2, 2*) — Fypo(w,2*)) <
(z,2%). In view of (88), we get

(V(2,2%) € gradf) Fypqo(2",2) = (27, 2). (90)

As before, take (y*,y**) € gradf* and obtain a bounded net (yo,y%) € gradf such that y, — y**
and v — y*. Using the weak™ lower semicontinuity of F**, (89), and (90), we deduce that

F*(y",y™) < lim F*(y,, ya) < 0m Fj; 5y, Vo) = im(ys, ¥a) = ¥ y™). (91)
Altogether, (88) and (91) imply that F* € Fyp-. [
Let A: X — 2% be maximal monotone and define A: X* — 2X™* via

grad = {' ") e X " xX™*| inf (y—az*y™ —1z)>0}. (92)
(z,0*)egra A

Assume that A is such that for every (y*,y**) € gra fT, there exists a bounded net (y,,yk) € gra A

such that y, = y** and ys — y*. This condition was originally proposed by Gossez [23] and it
is now known in the literature as dense type or type (D). Subdifferential operators are of type (D)
[23] as are certain linear operators [4]; see [43] for further information. A second inspection of the
proof of Theorem 5.7 reveals that the following, more general result is true.

Theorem 5.8 Let A: X — 2% be mazimal monotone of type (D). Then Fy-19=F3;,. Moreover,
if '€ Fa, then F* € f‘g.

The next result complements Theorem 5.3 and significantly sharpens Example 4.2.

Corollary 5.9 Let C C X be nonempty, convex, and closed. Then Fp,, = {tc ® 15}.

Proof. It is well known that .f, is sublinear, lower semicontinuous, and proper. Take F' € Fp,,.
Theorem 5.7 and Theorem 5.3 yield F* € Fp,x, = {15 © (7}, Hence I™* = 17, @ ({7, which implies
that F™* = (7 @ (" and further that F' = 1o @ 1. |

We conclude this section with a new proof of a density theorem originally due to Phelps [35].
See also [8].

Theorem 5.10 Let C C X* be nonempty, weak* closed, and convex. Then the set of all elements

of X which attain their supremum on C is dense in the cone of elements of X which are bounded
on C.
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Proof. (See also [3, Theorem 1.4].) Let f = (5|x = sup(-,C). We argue as in Example 5.4.
From Fact 5.2(ii)&(iii), we know that dom df consists of all the points in X (viewed as functionals
belonging to X**) that attain their supremum on the nonempty set 9f(0). We claim that

C = f(0). (93)

Indeed, the definition of f and the fact that f(0) = 0 imply that C' C 9f(0). Suppose that
x* € X* ~ C. Then there exists an element x € X which strictly separates z* and C, i.e.,
(x*,x) > sup(C,x) = f(z) — f(0), which implies that 2* ¢ Jf(0). This verifies (93). The result
now follows since Fact 3.3 implies that dom df is a dense subset of dom f. |

6 Resolvents of subdifferentials

From now on, J denotes the normalized duality mapping of the underlying Banach space, i.e.,
T=a(3]-12). (94)

The following result is due to Rockafellar [39, Corollary on page 78]; recently, Simons and Zalinescu
[44] and Borwein [9] gave new, simpler and more analytic proofs of it based on the Fitzpatrick
function.

Fact 6.1 Suppose that X is reflexive and let A: X — 2% be monotone. Then the following
statements are true.

(i) If A is mazimal monotone, then J + A is surjective.

(ii) If both J and J~' are single-valued (i.e., both X and X* are “smooth”) and J+ A is surjective,
then A is mazimal monotone.

As pointed out by Fitzpatrick and by Bauschke, the assumption that both J and J~! be single-
valued in Fact 6.1(ii) is critical; see [43, page 39]. When X is a real Hilbert space, then J = Id
and Fact 6.1 reduces to Minty’s theorem [32] which states that a monotone operator A is maximal
monotone if and only if Id +A is surjective, i.e., if and only if the (always single-valued) resolvent
(Id +A)~! has full domain.

The motivation for our discussion in this section is given in more detail in [6]. That paper is
concerned with the convergence of iterations of certain mappings on a real Hilbert space. One
relevant class of mappings is the class of projections and another is that of resolvents of subdif-
ferentials. Algorithms using iterations of projections onto two (and more) closed convex subsets
of a Hilbert space were proposed in order to find a point in the intersection of these sets. This
was first done by von Neumann [46, 47] when he proved that the sequence (P4Pp)™ of products
of projection operators converges pointwise to Psnp when A and B are closed subspaces. See [27]
for a recent elementary geometric proof of von Neumann’s result. Other iterations were considered
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as well. One of these algorithms uses the iterations of the midpoint average map of two nearest
point projections, that is, %PA + %PB. The weak convergence of this iteration was established by
Auslender [2]. Two decades ago Reich [37] raised the question if it is possible for this iteration
to fail to converge in norm. Using an ingenious construction by Hundal [26] (see also [30]), the
authors of [6] gave an affirmative answer to this question.

In 1976 Rockafellar [41] proposed and analyzed an algorithm based on iterations of resolvents
of a subdifferential for minimizing the underlying function. Brézis and Lions [15] established weak
convergence of these iterations under fairly general conditions, and they asked the question whether
these iterations may fail to converge in norm. A counterexample was provided by Giiler [24] (see
also [5] for a recent variant). If one shows that the set of resolvents of subdifferentials is convex,
then one can use the counterexample based on the iterations of averaged projections to obtain
a counterexample for norm convergence of Rockafellar’s algorithm [6, Corollary 7.1]. Indeed, the
first person to prove this convexity result was Moreau [33]. Another proof of this fact using
Fenchel conjugate calculus is presented in [6, Theorem 6.1]. In this section we prove that the set
of resolvents of subdifferentials is convex using cyclic monotonicity. Recall [22, page 41] that an
operator T: C' — X, where C' C X, is firmly nonexpansive if

(Ve e O)(Vy € O)(Vp > 0) [Tz —Tyll < [lp(z —y) + (1 — p)(Tx — Ty)]. (95)

The following two results are well known (see, e.g., [22]).

Fact 6.2 Suppose that X is a real Hilbert space, let C C X and let T: C — X. Then the following
are equivalent.

(i) T is firmly nonexpansive.

(ii) (Vo € O)(Vy € O) [T — Ty|]* < (v —y, Tz — Ty).
(iii) T = %Id +%N, where N is nonexpansive (i.e., 1-Lipschitz continuous).
(iv) T = (Id+A)~" is the resolvent of some monotone operator A: X — 2%,

Corollary 6.3 Suppose that X is a real Hilbert space and let A: X — 2X. Then A is mazimal
monotone if and only if its resolvent (Id +A)~1 is firmly nonexpansive with full domain.

Proof. Combine Minty’s theorem (see the paragraph following Fact 6.1) and Fact 6.2. |

Our aim here is to prove the convexity of the set of resolvents of subdifferentials (also known as
prozimal mappings). This set is a convex subset of the set of firmly nonexpansive mappings, which
is also easily seen to be convex by utilizing Fact 6.2(iii). As the following example illustrates, the
set of firmly nonexpansive mappings need not be convex outside Hilbert spaces.

Example 6.4 Suppose that X = R3, where ||z| = maX;e 12,3} [§i| = 7)o for @ = (£1,€2,83) €
X. Let C = {x,y}, where x = (1,0,1) and y = (0,0,0), and define Tp: C — X and
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Ti: C — X via their graphs as graTy = {((1,0, 1),(0,1,1)), ((0,0,0),(0,0,0))} and graT; =
{((1,0,1),(1,1,0)),((0,0,0),(0,0,0)) }. Then Ty and T} are both firmly nonexpansive. Further-
more, for every A € ]0, 1], the operator

Ty=(1—-NTy+ \Th (96)
is mot firmly nonexpansive.
Proof. For every p > 0, we have |[Tox — Toy|| = 1 < max{1,p} = [|(p,0,p) + (0,1 = p,1 = p)|| =

lp(z —y) + (1 = p)(Tox — Toy)|| and similarly || T1z — Tyl < [[p(z —y) + (1 — p)(Tie — T1y)]|, and
this implies that Ty and T} are firmly nonexpansive. Take A € ]0,1[. Then

Thax=(1—-NTox+ \NT1x=(\1,1-—X) and Thy=(1—-NToy+ \Try = (0,0,0). (97)

Hence
[The — Tyl =1
>+ 1,2 =2
=13(1,0,1) + (1 = 5)(A, 1,1 = N
= llz(x —y) + (1 - 3)(Dhz = Tay)|, (98)
which implies that T} is not firmly nonexpansive. |

Remark 6.5 Let A: X — 2%, Then A is accretive if (VA > 0) (Id +XA)~! is single-valued and
nonexpansive on dom(Id +AA)~! = ran(Id +\A), and A is mazimal accretive if A is accretive and
no proper extension of A is accretive. Zorn’s Lemma guarantees that every accretive operator
admits a maximal accretive extension. Now let X be as in Example 6.4. Then a result of Crandall
and Liggett [19, Theorem 2.5] implies that A: X — 2% is maximal accretive if and only if it
is accretive and (VA > 0) ran(Id+AA) = X. Reich’s [36, Lemma 7.1] shows that Crandall and
Liggett’s result is equivalent to the following: Suppose that D C X and that T': D — X s firmly
nonezpansive. Then T' admits a firmly nonexpansive extension T': X — X. So let Ty and T3 be as
in Example 6.4 and denote their firmly nonexpansive extensions to X by 7y and T, respectively.
Then Example 6.4 implies that for every A € ]0,1[, the mapping (1 — \)Ty + AT} is not firmly
nonexpansive. In particular, the firmly nonexpansive mappings with full domain do not form a
convex set.

Before proving the main result of this section, we need to translate the cyclic monotonicity
characterization of a subdifferential to a characterization of its resolvent.

Theorem 6.6 Suppose that X is a real Hilbert space and let T: X — X. Then T 1is the resol-
vent of the mazimal cyclically monotone operator A: X — 2% & T has full domain, T is firmly

nonezxpansive, and for every set of points {x1,...,x,}, where n € {2,3,...} and x,41 = 1, one
has
n
Z<l’2 — Tl‘i, Tl‘i — T:L'Z'+1> 2 0. (99)
i=1
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Proof. “«<": In view of Corollary 6.3, it suffices to show that A = 7! —Id is cyclically monotone.
Fix n € {2,3,...}, take n points (y1,v7),...,(yn,y) in graA, and set y; = yn+1. For every
ie{l,...,n}, set x; = y; +y; hence x; € (Id+A)y;, yi = Tx;, Trpt1 = Yn+1 = y1 = Tx1, and
x; — Ta; = x; — y; = y;. Plugging all this in (99), we get
n
> i — yir1,yf) = 0. (100)
i=1
Thus A is cyclically monotone. “=-": In view of Fact 3.2 and Corollary 6.3, we only need to verify
(99). Take n € {2,3,...} and x1,...,2, in X, and set x,41 = x1. For every i € {1,...,n+ 1},
set y; = Tx; and y} = x; — Ta;; thus Ta; = Id+A) 12, = 2; € 1d+A)Tx; = Tx; € dom A and
yr =x; — Tx; € ATx; = Ay;. Therefore,

n n
> (@i = Txi, Ty — Twip) = > (Yi — yig1, ) >0, (101)
i=1 i=1
and this completes the proof. |

Theorem 6.7 Suppose that X is a real Hilbert space and let f and g be two functions from X to
|—00,+00] that are convez, lower semicontinuous, and proper. Further, let a € |0,1[. Then there
exists a proper, lower semicontinuous, and convex function h: X — |—o00, 400 such that

(Id+0h)~t = a(Id +0f) ™' + (1 — a)(Id +9g) . (102)

Proof. Set S = (Id+0f)~! and T = (Id4+9g)~'. Then S and T are firmly nonexpansive with full
domain as they are the resolvents of the maximal monotone operators 0f and dg, respectively. For
convenience, set § = 1 — a. Then oS 4 BT is firmly nonexpansive with full domain. In view of
Fact 3.2 and Theorem 6.6, given n € {2,3,...} and {z1,...,2,} C X with x,+; = x1, it suffices to
prove that

0< z": (x; — (aSz; + pTx;), (aSz; + fTx;) — (aSwit1 + BT xit1)) . (103)
Now Theorem 6.6 i;:;l)lies that
0< ai(xi — Sx;, Sx; — Swiyq) (104)
i=1
and that .
0< B> (wi— Tay,Tr; — Txip). (105)
i=1

Furthermore, either by direct computation or by simply noticing that Id = V(%H -|1?) is cyclically
monotone, we see that given any n points yi, ..., y, satisfy 0 < > | (v, ¥i — Yit1), where yp41 =
y1. In particular,

0 S Oéﬁ Z<T$Z — Sl‘i, (T$Z' — Sl‘l) — (TfL'i—l—l — Sl‘i+1)>. (106)
i=1
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Now for every i € {1,...,n},

(x; — (aSzi + fTx;), (aSz; + fTx;) — (aSxiv1 + BT xit1))
=a(x; — Sz, Sz; — Swiv1) + B {x; — Ty, Ta; — Txipq)
+af (Tx; — Sz, (Tx; — Twip1) — (Sz; — Sxzit1)) (107)

Therefore, adding (104), (105), and (106) we arrive precisely at (103). [

It is also possible to give — up to an additive constant — a formula for the function A of Theo-
rem 6.7. To do this, we can use the formula given in Rockafellar’s characterization of subdifferentials
as maximal cyclically monotone mappings (Fact 3.2).
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